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Motivation

 Many dynamic systems experience performance degradation with use or age.

» Altering physical dynamics or constitutive constants.

 Not accounting for these changes in the model can lead to unreliable state
information.

 Complications can arise if the true-physical system movement is dependent
on estimated state information.



Model vs. Physical Dynamics

* A model is defined by governing equation(s) of motion (EOM).

* A model could predict dynamics of a true-physical systems under a set of
assumptions and constrains.

 Example: Euler-Bernoulli Beam Assumes...

 Small Deflections, low frequency excitation, and no rotary inertia.

* However, the model is not a physical system.
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Let the model and physical
systems be described as Linear
Time Invariant (LTI).




LTI System

 Any LTI system can be described in state space:

X =Ax + Bu
y = (CXx

e A - Plant « B — Input Matrix e C — Output Matrix

e 1 — Input X — Internal State ¢ y — External (Output) State

o System satisfies superposition and scaling.
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If you have a “good” L1l system,
Internal states can be estimated.



Luenberger (State) Observer

* Luenberger (State) Observers dates back to the
1970s [Luenberger, 1971].

Input O > Plant

* Requires minimal uncertainty about plant
dynamics.

Observer —=H

~(P=

Observer
Gain

Figure 1: Generalized Luenberger Observer

 Plant must be Observable (A,C) Control Diagram.



Kalman Filters

« Kalman Filters assumes noise exist in the system.

Process Sensor

* Noise assumes to follow a gaussian distribution Nolse Nolse

with zero mean [Kalman, 1960]. . 1
mput = R Plant o
I -
D ~| Observer ; -
* As with Luenberger, internal states are estimated
using an iterative process. | Observer |

Figure 2: Generalized Kalman Filter Diagram.

e Observer Gain is selected base on estimated and
measured state confidence.

10



Background: Model Uncertainty



Model Uncertainty

 Model uncertainty is caused by...

* All dynamics are not accounted for inside the EOM.
 Not knowing the correct constitutive relations.
* Having process/sensor noise.

 Robustness techniques exist to limit the effects of model uncertainty:
« H__ Synthesis [Nagpal, 1991]

e 1 Synthesis [Doyle, 1987]
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The proposed control scheme
can account for model
uncertainty

..If uncertainty is inside the dimensions of the model input matrix
and plant.
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More importantly, the proposed control

scheme deals with model uncertainty when
a system experiences a “significant” health
status change.
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What does accounting for “significant” health
status change mean?

* With regard to system dynamics, if the “significant” health change can be defined within plant estimation constraint:

B esp{B,Lx} B =B, L A€espi{Ai,,,B, L,.Cl 2A=A_+B L,.C
B — True-Physical Input Matrix « A — True-Physical Plant
« B, — Initial Input Matrix Model « A, — Initial Plant Model
» B, L. — Input Matrix Correction Term » B, L,.C — Plant Correction Term

he proposed control scheme will update in time to reflect these changes under specific assumptions and
constraints.

- {A,,B,,C} are known.

» {A,,A} are stable.
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Inspiration for Model Updating



A Modal Approach to the
Space-Time Dynamics of
Cognitive Biomarkers

 An adaptive unknown input approach to
brain wave EEG Estimation

o Griffith, Balas, & Hubbard proposed an
open-loop coupled approached to input
and state estimation [Griffith 2023].
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Black Box
Input Generator True Plant
z, = Fz, x = Ax + Bu
......... »
u=2~0,z, y=Cx Y
Adaptive State Estimator
- /.\ VaN Vo
Ly | x=Au,x+ B(u+ Ly)+ K,e _
y m - ( A y ) xCy : o= o
T» y — Cx Y
Input Estimator =y-y
z, = Fz, —IIKuey . X
u=2~0,z,
Ly Adaptive Estimator Law
o ¢ g
®< ——— L — _e T €y
/ yy }/y - Q=
y

Figure 3: Generalized unknown input estimator
for brain wave estimation.



What if we can send
iInformation via an input to the
true system?
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Known Input

True System

u

O -
T ’

B

————

—

x = Ax + Bu

y=Cx

Adaptive State Estimator

—

X=Anx+ Bn(Liu+ Lyy)+ K(y — )

y=Cx

—O0

Adaptive Input Matrix Law

i

. N -
-~ L = —e€yU Yu ’

Adaptive Estimator Law

mi

1 L, = _@yy?“yy ) ey

—0Q




Decomposition of the True System'’s Input Matrix and Plant

» Let the true system’s input matrix be composed of the model input matrix (B,,) and the correction
matrix (L)

B=B, L,
» The true plant be composed of the model plant (A, ) and the correction matrix (L, )
A=A,+B,L.C
« Can we determine {L;+, L,+} D

L(f) = AL + L. — L(f) = L,

[— 0

where AL is the variance in L?
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Structure of ‘True’ Plant

» This structure of the ‘true’ plant (A) can be derived 2 A = A, + B, L,.C from:
Ax=Ax+ B L,y
=A,x+B,L,,Cx - A=A +B L,.C.
= (A, +B, L,.C)x
* Why this form?

-A, gives initial plant structure.

-The input matrix (B,,) actuates the system.

-System Output (y) has state information of the true system.
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Adaptive State Estimator

e Since the true plant and input matrix is unknown and state information is
often inaccessible.

» An observer-estimator using the reference model plant (A, ) can be made:

X=A 2+ B (Lu+ L,y)

Adaptive State Estimator ¢ N
y=C(Cx

where input (#) can be any bounded-continuous waveform.
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Error Dynamics

 Allowing the true input matrix (B) and plant (A)
be decomposed such that:

* Results in the error dynamics can be written as:

e.=A e + Bm(\Aljl U+ \Aljzyj)

e, = Ce,

. No guarantee that e, — 0 because of the
[— 00

residual terms {B, AL,u, B, AL,y} in the error
equation.
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Known Input

u

True System

x = Ax + Bu

’ y=0Cx g

—O
4

Adaptive State Estimator

> §c=Am5c+B(L1u+L2y) -

Y ~ R ?GB<—C
L, y=CX
L,
éy =j’_y
. / L
L / L

Figure 4: Partial Adaptive State Estimator.



Lyapunov Analysis



Lyapunov Stability

 Why do we care about Lyapunov Stability?

* |Lyapunov argument considered dynamic systems in terms of energy-like
functions.

* |n this case, we are considering the energy rate of change for the error state

to guarantee e, — 0.
[— 00

 |f error energy can be dissipated, estimated state converges to the true
state.
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Lvapunov Proof Results

* Lyapunov analysis results in the adaptive estimation True System
law: Knowr:l Input A % = Ax + Bu A
u —_ y
y _ y — A T . J y — Cx T
ALy =Ly =—-eu'y; v,>0. 1
Adaptive State Estimator
I — T — 5 T, w i A
AL, =1L, ey'yys vy > 0. ‘ol = Amx—IA—Bm(€1u+L2y) |
L, y=Cx '
A . L,
. Proof guarantees e, — 0 and ¢, — 0 asymptotically. adaptive Input Matrix Law & =5
[— 00 [— 00 ] R - O
T f ~— L; = _eyuT},u <ey -
e {AL,AL,} are guaranteed to bounded.
Adaptive Estimator Law
. No guarantee {AL;,AL,} — 0. —1 /) La==yTry | ° 5
— 00 ’ T
. If {AL;, AL,} — O numerically, the dynamics of
[— 00
the true plant can be been captured. [Fuentes, 2025]. Figure 5: Adaptive State and Input Matrix Estimator.
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WLOG - Use of Fixed Gains

. Given the following error system:
e, = (A, — KOe, + B,(w, +w)

e, = Ce,

* Lyapunov analysis results in the
adaptive estimation law:

AL, =L, =— éyuTyu; v, > 0.

Known Input

)

True System
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—0

x = Ax + Bu

y=Cx

Adaptive State Estimator

X=Anx+ B,(Liu+ Lyy)+ K(y — })

y=CX

Adaptive Input Matrix Law

/

~ Ll — _IéyuTYu

Adaptive Estimator Law

/

~ L2 — _Iény}/y

éy:j}_y

O
\J

Y

Figure 6: Adaptive State Estimator using a Fixed Gain (K).



lllustrative Example



Defining the Dynamics

» With appropriate modeling, let a reference model and plant (4,,) exist 5

x,=Ax, + B u -7 2 4 0
Reference Model A, =1-2 -1 2 |:B,=10.7]:C=105 0 1]
Y = -2 2 -1 2

» For the proposed control approach to be viable, allow: B € sp\B, L,«} @2 B=B, L+ &

x = Ax + Bu

True Syst
rue ysem{y:Cx

-7 2 4 0
,A=Am+BL2>x<C= -3.75 =1 —=15;B=114|;C=10.5 0 1]
—7 2 —11 4
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System Response

* (Giving a unit input response to the
True and Reference model, notice the
significant difference in output
response.

x =Ax+ Bu

True Syst
rue ysem{yzcx

x. =A x +B . u
Reference Model { " e "
y,, = Cx,,
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Figure 7: Output response for the true model (y) and reference model (y,,)
given a unit step input (u).



Selecting Input

* Any bounded-continuous input

(1) can be injected into the True
and Estimator systems, proof

guarantees ¢, — () and
A [— 0

e, — () asymptotically.

[— 00

» | ets define the known input as:

u = 2+ sin(2¢)
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Known Input

)

True System

_ x = Ax + Bu R
T y = Cx "]
Adaptive State Estimator
‘X = AnX+ Bp(Liu+ Lyy)
L, j\/ — (x Y

Adaptive Input Matrix Law

[ Li=-2uly, [

Adaptive Estimator Law

/ -~ LZ =_/ény7y

—0

Figure 8: Adaptive State Estimator.



Applying Adaptive State Estimator

3 2
-
= 1597
O
| | | 'GZ) 1 _
0 1 2 3 4 %O.S
Time, sec <«10% < 9 . .
0 1 2 3 4
Time, sec <10%

Figure 10: Adaptive Input Matrix Gain Numerically Converging

0 1 2 3 4

. [— 00 [— 00
Time, sec <«10% 3 0
g
< . N
S 2
)
2
| | | 45‘ -4 !
©
0 1 2 3 4 g . . . .
Time, sec %104 0 1 2 3 4
Figure 9: Internal State Error. Lime, sec <10

Figure 11: Adaptive Gain Numerically Converging (L,(f) — L)

[— 00
> A, + BL,(H)C— A, + BL,.C = A.
32 [— 00



Applying Adaptive State Estimator

Time, sec <104

0.5
5 ;
0 s
— Q,
(= &
0.5 ' ' ' -
0 1 2 3 4 -
g
>,
N

0 1 2 3 4 %
Time, sec <104 %
o
=
<5
2
. . . . - 2 B ittt —
0 1 2 3 4 9.998 9.9985 9.999 9.9995 10
Time, sec <104 Lime, sec x10%
Figure 9: Internal State Error. Figure 12: External State Response.
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Conclusion

 Given {A,_, B, ,C} are known and the true input
matrix and plant dynamics follows: True System
Known Input ,
x = Ax + Bu

B € sp{B,L+x} B =B,L,. . y = Cx

—0
- y
—0

Adaptive State Estimator

« Stability proof guarantees: X = Ak By(Liu+ Loy) + K(y = ) P
Lo, y=Cx
A . L,
. ¢.—> 0 and e, —> 0 asymptotically. dantive tnpat Matrix Lan o
[— 00 [— 00 . - &

I f ~ L1=_,éyuTVu

« {AL,,AL,} is guaranteed to bounded.

Adaptive Estimator Law

. If{AL;, AL,} — O numerically, the | o L=y | : 0

[— 0
dynamics of the true input matrix and plant

or energy equivalence has be been captured.

Figure 13: Adaptive State and Input Matrix Estimator.
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Thank you!
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Appendix



H_ Synthesis

« H__ Synthesis is a robust controller that uses optimization techniques to
determine gains.

* |n practice, control gain are calculated based on the selected input signals
the controller has access to.

* Controller will be optimal relative to the cost function and prescribed input
signals. Need not mean controller is optimal for the entire system.

« Depending on the amount of model uncertainty, H__ Synthesis could produce
a unstable response.



u Synthesis

e U Synthesis is an extension of H_, Synthesis.

* The main difference, u Synthesis account for model uncertainty.

e In practice, H_, Synthesis is ran iteratively until nominal controller is found.

* Then, the robustness of the controller is tested and assigned a score.

 Depending on model uncertainty, cycle is repeated until robustness score
IS minimized.






Defining Error

* Jo determine the difference between the model and true system, consider the following state and output
error equations

e, =X—X
e,=Ce,=C(x—x)=y—y

 Take the time derivative of ¢, and plug in error dynamics to determine error convergence

éx=5?—x=Am)Ac+B(u+Ly) — (Ax + Bu)
=A X+ B(AL+L.)y— (A, + BL.C)x

—

A

=A,e.,+B ALy

Wy
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Error Dynamics

* Therefore, the state error dynamics can be
written as

e.=A,e.+Bw,

e, = Ce,

. No guarantee that e, — 0 because of the
[—00

residual term (Bw,) in the error equation.

* An additional argument is needed to
remove the residual term (Bw )
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Known Input

True System

x = Ax + Bu

U

y=Cx

Adaptive State Estimator

X = AnXx + B(u+ Ly)
y = CX

—O0

D+

@yzj\’_y




Lyapunov Stability

 Why do we care?

* |Lyapunov argument considered dynamic system'’s in terms of energy-like
functions

* |n this case, we are considering the energy rate of change for the error state

to guarantee e, — ()
[— 00

 |f error energy is removed, estimator converges to the true plant and
state.
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Lyapunov Function for the Error System

* Given the following error system

X m-Xx X
e, = Ce,

 Assuming real scalars, consider the following Lyapunov function

1
Vie)=—e Pe;P, >0

ZXXX’

» Where V (e,) acts as the energy-like function for the error system.
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Lyapunov Error Dynamics

* Jo determine the energy-like rate of change, take the time derivative of

V,(e,) = Ee;Pxex and plugging in error dynamics

2V, =¢éPe .+ e Peé,

=(A,e.+Bw) Pe +e P(A,e + Bw)
=e¢/(ATP_+ P.A e +2e!P Bw,

46



Lyapunov Error Dynamics cont.

* From the SPR condition,

AP +PA, < —
SPR Conditon{ " & " Or
PB=C"
. V (e,) becomes

2V, =e/(A'P.+ P.A )e +2e' P.Bw,

_VQX Ct
=—e!Qe + 2\eijT1wx

57
ey

=—e/Qe +2 (€y, Wy)

~

(Wy.€y)
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Lyapunov Error Dynamics Cont.

* The resulting energy-like rate of change Lyapunov Function for the error
system becomes

. 1
V,=— Eeijxex + (e, w,); @ >0

« Removing the residual (éy, w,) term in the above equation will cause Ve <0
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Creating an Additional “Outlet”

« [oremove the residual (éy, W,) term, consider another energy-like function

|
Vi, (AL) = Etr(ALyy_ 'ALY); 7y, > 0

- To determine energy-like rate of change, take the time derivative of V;(AL)

V. (AL) = tr(ALy; 'AL")
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Creating an Additional “Outlet” cont.

. Lets define AL = — ényyy and plug into V,;(AL)

Vi(AL) = tr(=2,y"y, 7y 'ALT)

AL
= tr(—&,y AL")

o

W,

= —tr(w;éy) = —w'e

y
— = (Wxa éy) — = (éya Wx)
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Combining Lyapunov Functions

* The closed loop energy-like Lyapunov Functions function can be written as

1 1
V,=V(e)+ V,(AL) = —e!P.e_+ Etr(ALyy—lAU)

2XX.X

* Closed loop time energy-like time derivative Lyapunov Function can be written as

. . . 1 A A
V,y=V,(e)+ V,(AL) = — Ee; Qe+ (e, w) — (e, w,)

1 "Oe <0
2.X X X =

. . VeL(ex, AL) <0 = {e, AL} are bounded, but does not guarantee ¢, — () because of the

. [— 0
negative-semi-definite nature of V ;.
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Barbalat-Lyapunov



Barbalat-Lyapunov

* Given these three condition
1. Vs lower bounded
2. Vis negative semi-definite
3. Vis uniformly continuous Iin time

Then V — 0.

[— 00

* The first two conditions are satisfied from the previous derivation.
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Uniformly Continuous

. | '
. Recall V, = — Ee;Qxex < 0, now consider W, o W, CV,

WeL — e)jQxex
» Taking the time derivative of W,; and plugging in the error dynamics
WeL — e)jQxéx
= ¢/0,(A, e, + BALy)
» From previous result, {e,, AL} is bounded.

« For WeL to be bounded, the output (y) must be bounded.

* Output response will be bounded for any stable plant by showing global exponential stability for the internal states

« By definition, if ' .7 1S bounded, then WeL IS uniformly continuous.
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Satisfying Barbalot-Lyapunov

. EnsuresV,, — 0
[— 00

. Guarantees ¢, — 0 and ¢, — () asymptotically.
[— 00 [— 00

. Does not guarantee AL — 0
[— 0

. However, if AL — 0, the dynamics of the true plant have been captured

[— 0
or some minimal error equivalence.
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